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If photon mass is not exactly zero, though arbitrary small, electric charge would not be conserved
in interaction of charged particles with black holes. Manifestations of such mechanism of electric
charge non-conservation are discussed.
Conservation of electric charge is an intrinsic prop-
erty of the standard massless electrodynamics because
the Maxwell equations
∇µF
µν = Jν , (1)
automatically impose the condition of current conserva-
tion, ∇µJ
µ = 0. To avoid this restriction one has to
change the theory prescribing a non-vanishing mass to
photon. So instead of the Maxwell equations the Proca
equations for a massive vector field should be used:
∇µF
µν +m2Aν = Jν . (2)
Now non-conservation of electric current may be compat-
ible with the equations of motion.
However such a model of electric charge non-
conservation encounters serious difficulties [1,2] because
of very tight experimental (observational) upper limits
on the photon mass, m < 10−33 eV, for a review see
Refs. [3]. If the photon mass is introduced simply by ad-
dition ofm2A2/2-term into Lagrangian (hard mass intro-
duction) the theory with nonconserved current would be
nonrenormalizable, and the amplitudes in higher orders
of perturbation theory strongly rise with energy. Per-
turbative amplitude of emission of longitudinal photons
contains extremely large factors ∼ (E/m)n, where E is
the characteristic energy of the process with charge non-
conservation, e.g. for electron decay, e → ν + γ it is
E ∼ 0.5 MeV. As was argued in Ref. [2] (see also [4])
summation of radiative corrections to the e-ν-γ-vertex
(or to any other charge nonconserving one) leads to “self-
healing” of the charge non-conservation: the probability
of any process where charge is not conserved becomes
exponentially small.
If electromagnetic U(1)-symmetry is broken sponta-
neously [1,2] by the Higgs mechanism (soft mass intro-
duction) the theory would be renormalizable and neither
rising with energy amplitudes nor self-healing would be
present. In such a model, however, a light charged scalar
particle should exist in contradiction with experiment.
The contradiction would disappear if the charge of new
light boson would be very small at the level of 10−3 e,
where e is the charge of electron [5].
A new idea was put forward recently in Ref. [6] based
on the assumption that our four-dimensional world is a
brane embedded in the higher dimensional space with in-
finite extra dimensions [7]. The authors of the papers [6]
suggested that the charged particles can leak into ex-
tra dimensions leaving impression that electric charge is
nonconserved in our four-dimensional world even with
strictly massless photons. According to this work, ob-
servation of electric charge nonconservation could be a
proof of existence of large extra dimensions.
In this paper we would like to discuss a different mech-
anism of electric charge nonconservation which, though
demands a non-zero value of the photon mass, could be
efficient with an arbitrary small value of the latter with-
out leakage into higher dimensions. For example this
mechanism would operate if the Compton wave length of
the photon is equal to cosmological horizon and m ∼ H ,
where H is the Hubble parameter, or even for much
smaller values of the mass. The arguments that the pho-
ton mass may be nonzero due to quantum effects in de
Sitter space-time were recently presented in Ref. [8]. The
mechanism is based on the well known fact that black
holes do not have any hairs related to massive vector
fields. Thus a charged particle captured by black hole
would disappear without leaving any trace in the form of
the Coulomb field. The Coulomb field begins to die down
gradually when the charged particle approaches horizon
and the effect is nonvanishing for any small value of the
photon mass with discontinuous limit when m→ 0 [9].
Let us consider spherically symmetric uniformly
charged shell with radius Rc concentric with a spheri-
cally symmetric matter shell with radius Rm whose mass
is M . Let us assume for simplicity that the mass of the
charged shell is negligible in comparison with the mass
of the matter shell, so the gravitational field is com-
pletely determined by the matter shell, We will always
assume that the charged shell is outside the matter shell,
Rm < Rc and calculate the electric field created by this
configuration.
Let us first consider the case when there is no black
hole or, in other words, the radius of the matter shell is
larger than its gravitational radius, Rg < Rm. To obtain
simple jump conditions for the Proca field Aµ across the
matter shell, we adopt the coordinate system (u, r, θ, φ)
in which the metric is continuous;
ds2 = K2du2 + 2dudr −R(r)2dΩ2, (3)
1
for the inner Minkowski region Rm(1 − K) < r < Rm
and
ds2 =
(
1−
Rg
r
)
du2 + 2dudr − r2dΩ2, (4)
for the outer Schwarzschild region r > Rm. Here K =
(1−Rg/Rm)
1/2 and R(r) = [r−Rm(1−K)]/K is the area
radius. In this coordinate system, both components Au
and Ar of vector potential are non-vanishing even in the
static case. For Rm(1 −K) ≤ r < Rm, the coordinates
u and r are related to the standard coordinates u¯ and
r¯ by the transformation u¯ = Ku and r¯ = R(r), i.e.,
r = Rm(1−K) corresponds to the physical center.
Inside the matter shell, the Proca field satisfies the
following equations:
1
R2
(
R2A′u
)′
−
m2
K2
Au = 0, Au = K
2Ar, (5)
where prime denotes derivative with respect to radial co-
ordinate r. The solution which is regular at the center
is
Au = C3
sinhmr¯
r¯
, (6)
where C3 is a constant determined from the junction con-
ditions at the matter shell.
Outside the matter shell, the Proca field in the
Schwarzschild background satisfies the following equa-
tions:
1
r2
(
r2A′u
)′
−
m2r
r −Rg
Au = 0, (7)
Ar =
(
1−
Rg
r
)
−1
Au, (8)
where prime denotes derivative with respect to radial co-
ordinate r. It is convenient to introduce the new function
q = r Au and the new variable y = 2m(r−Rg). In terms
of these quantities the Proca equation (7) takes the form:
d2q
dy2
−
(
1
4
+
µ
2y
)
q = 0, (9)
where µ := mRg. This equation has the form of
the Whittaker differential equation and the solution is
expressed in terms of confluent hypergeometric func-
tions [10]:
q(y) = Ci y e
−y/2Φ(1 + µ/2, 2, y)
+Bi y e
−y/2Ψ(1 + µ/2, 2, y), (10)
where the coefficients Ci and Bi are constants to be de-
termined from the boundary conditions and the junction
conditions. They have different values in different space
regions and this is indicated by the index i. i = 1 im-
plies the outside region of the charged shell, while i = 2
does inside. When y → ∞, the function Φ rises as
y−1+µ/2 exp(y), while Ψ decreases as Ψ ∼ y−(1+µ/2). So
for r > Rc the solution is given by the expression (10)
with C1 = 0, while for r < Rc both coefficients B2 and
C2 may be non-zero.
Since there are two shells, we should consider the
junction conditions of the Proca field there. There is
no charge distribution on the matter shell r = Rm,
hence the Proca field and its first derivative are con-
tinuous there, i.e., [Au]
+
−
= 0 and [A′u]
+
−
= 0, where
[f(r)]+
−
= f(r + 0) − f(r − 0). On the other hand, the
junction condition on the charged shell is the usual one
that the discontinuity of the derivative of the electric field
on the shell is equal to the charge density:
[Au]
+
−
= 0, [A′u]
+
−
= 4piσ. (11)
Now all the coefficients Bi and Ci can be determined.
We obtain the coefficient of the outer region 1 from the
junction conditions as
B1 =
Qeyc/2(FΦc −GΨc)
2mycRcF (ΦcΨ′c − Φ
′
cΨc)
, (12)
where Q = 4piσR2c is the total charge of the shell, prime
denotes derivative with respect to y and
F = 2mRmymΨ
′
m − PΨm, (13)
G = 2mRmymΦ
′
m − PΦm, (14)
P =
ym
K
(
mRm
tanh(mRm)
− 1
)
− 2mRg +mRmym.
(15)
The sub-index m and c imply the values evaluated at
y = ym = 2m(Rm − Rg) (i.e., r = Rm) and y = yc =
2m(Rc −Rg) (i.e., r = Rc), respectively.
From now on we will consider some limiting cases. The
confluent hypergeometric functions behaves around y = 0
as
Φ(1 + µ/2, 2, y) ∼ 1 +
(
1
2
+
µ
4
)
y, (16)
Ψ(1 + µ/2, 2, y) ∼ Γ(1 + µ/2)−1
1
y
+ Γ(µ/2)−1 ln y
+O(1), (17)
where Γ is gamma function. It should be noted that the
y → 0 limit is realized by different two cases, one of which
is r → Rg and the other is mr → 0. In the latter case,
O(1) term in Eq. (17) vanished since Ψ(1, 2, y) = 1/y
becomes exact. This fact will be used to calculate to
next leading order below.
First we examine the limit of small photon mass, i.e.
mRc,m,g → 0 and mr → 0. Taking this limit, we find
B1 = −Q(1−mRg − µγ/2), (18)
where γ is Euler’s constant and this implies
2
Au ∼ −
Q
r
(1−mr). (19)
This is the standard expression for electrostatic Coulomb
potential in massless electrodynamics. In this case the
limit to zero mass of the photon is smooth.
Now let us consider a different limiting situation when
Rm → Rg, which corresponds to the space-time with a
black hole. We find that
B1 ∼
Q exp(yc/2)Φc
2mycRc(ΦcΨ′c − Φ
′
cΨc)
×
[
1 +
2mR
1/2
g Γ(1 + µ/2)Ψc
Φc
(
mRg
tanh(mRg)
− 1
)
−1
×(Rm −Rg)
1/2
]
. (20)
We will obtain essentially the same solution if we as-
sume that the black hole is already formed, i.e., we take
Rm < Rg from the very beginning. In this case the so-
lution for the vector potential inside the charged shell
should not contain the function Ψ because the solution
would be singular at the horizon, Ψ ∼ y−1, and the elec-
tric field E = −∇At would be infinite for y → 0. The
conditions of continuity of the potential at r = Rc and
the discontinuity of its derivative (11) permit to deter-
mine both coefficients B1 and C2.
Next we make the charged shell close to the gravita-
tional radius, Rc → Rg, keeping the mass m non-zero.
The result is
B1 ∼ −Q
Rc −Rg
Rg
Γ(1 + µ/2). (21)
Hence the electric field vanishes as the charged shell ap-
proaches the gravitational radius and disappears com-
pletely when the charged shell is swallowed by the black
hole. This indicates the non-conservation of the charge.
We can consider another limiting case: Rm → Rg and
after that m→ 0. In this case the electrostatic potential
takes the form
At ∼ −
Q
r
Rc −Rg
Rc
[1−m(r −Rg)], (22)
for relatively small distances, mr ≪ 1. There is a finite
change of the potential discontinuous at the point m =
0 [9].
To see how this discontinuity arises is convenient to
present the solution in the (realistic) case of small photon
mass such that the product mRc,m,g ≪ 1 and mr ≪ 1
but keeping the finite difference (Rm−Rg). The effective
charge q in this case is
q = Q
[
1−
Rm
Rc
(mRm)
2
√
Rm/(Rm −Rg)
3 + (mRm)2
√
Rm/(Rm −Rg)
]
(23)
One can easily see from this expression how the two lim-
iting cases presented above are realized. The boundary
between them is determined by the value of the product:
∆ = (mRm)
2
√
Rm/(Rm −Rg). (24)
If ∆ ≪ 1 the usual massless electrodynamics with con-
served eclectic charge would be valid. On the other hand,
if Rm − Rg ≪ Rm(Rmm)
4, charge non-conservation
would be effective.
The solutions that we have found above are true in
asymptotically flat space-time. So there may be essen-
tial corrections to them at the distances comparable to
cosmological horizon. Still the main result that electric
charge must be non-conserved in the process of black
hole capture of charged particles, if photon has non-zero
but even vanishingly small mass, most probably remains
true. After the charged particle capture the Coulomb
field that existed at large distances must also disappear.
One can obtain a feeling how it disappears in adiabatic
approximation assuming that the charged sphere slowly
approaches the gravitational radius, Rc = Rc(t) → Rg.
In this process the Coulomb field should be radiated away
in the form of longitudinal photons. To calculate the law
of their emission one has to solve time-dependent prob-
lem when both At and Ar are non-vanishing. Technically
it is much more difficult than considered here adiabatic
approach and we will consider it in future work.
According to these considerations charged particle cap-
ture by a black hole could lead to a cosmological electric
charge asymmetry and electric forces at the scales be-
low Compton wave length of photon, r < 1/m might be
cosmologically interesting. They even could lead to an
accelerated expansion. Electric charge asymmetry might
be also generated by black hole evaporation in way anal-
ogous to generation of baryon asymmetry by the similar
process of black hole evaporation [11]. Dynamics and ef-
ficiency of generation of electric charge asymmetry, how-
ever, would be different from generation of baryonic one
because of presence of long range forces in the former
case.
There could be also some interesting processes in par-
ticle physics due to interactions with virtual black holes,
for example the decay e → ν+ photons, inequality of
proton and electron charges and some other effects which
have already been discussed in the literature in connec-
tion with the hypothesis of electric charge nonconserva-
tion (see the papers [1,2,5]). It is difficult, however, to
estimate the probability of such processes because calcu-
lations of the effects associated with virtual black hole
interactions demand still missing knowledge of strong
quantum gravity. Electric charge nonconservation may
be possibly observed at high energy collidors if the fun-
damental scale of gravity is much lower than the usual
Planck scale [12]. One may expect in this case that small
size black holes would be abundantly produced in next
generation accelerators or in high energy cosmic rays [13]
(see however criticism of ref. [14]) and the probability
of accompanying processes with nonconserved electric
charge would be quite high.
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